HIGHER ORDER REDUCTION THEOREMS 
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Abstract. The reduction theorems for general linear and classical connections are general- 
ized for operators with values in higher order gauge-natural bundles. We prove that natural 
operators depending on the si-jets of classical connections, on the S2-jets of general linear 
connections and on the r-jets of tensor fields with values in gauge-natural bundles of order 
k > 1, Si + 2 > S2, Si, S2 > i — 1 > k — 2, can be factorized through the (k — 2)-jets of both 
connections, the (fc — l)-jets of the tensor fields and sufficiently high covariant differentials 
of the curvature tensors and the tensor fields. 



Introduction 

It is well known that natural operators of classical (linear and symmetric) connections on 
manifolds and of tensor fields with values in natural bundles of order one can be factorized 
through the curvature tensors, the tensor fields and their covariant differentials. These 
theorems are known as the first (operators on classical connections only) and the second 
reduction, [HI HO], or replacement, O EB], theorems. In [U] the reduction theorems are 
proved by using methods of natural bundles and operators, [TJ HI] . 

In jl] the reduction theorems were generalized for general linear connections on vector 
bundles. In this gauge-natural situation we need auxiliary classical connections on the base 
manifolds. It is proved that natural operators with values in gauge-natural bundles of order 
(1,0) defined on the space of general linear connections on a vector bundle, on the space of 
classical connections on the base manifold and on certain tensor bundles can be factorized 
through the curvature tensors of linear and classical connections, the tensor fields and their 
covariant differentials with respect to both connections. 

In [5] another generalization of the classical reduction theorems was presented. Namely, the 
reduction theorems were proved for operators with values in higher order natural bundles. 
It was proved that an r-th order natural operator on classical connections with values in 
natural bundles of order k > 1, r + 2 > k, can be factorized through the (k — 2)-jets of 
connections and sufficiently high covariant differentials of the curvature tensor. 

In this paper we combine both possible generalizations of the reduction theorems and we 
prove the reduction theorems for general linear connections on vector bundles for operators 
with values in higher order gauge-natural bundles. 
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All manifolds and maps are assumed to be smooth. The sheaf of (local) sections of a 
fibered manifold p : Y — > X is denoted by C°°(Y), C°°(Y,1R) denotes the sheaf of (local) 
functions. 

1. Gauge-natural bundles 

Let M m be the category of m-dimensional C°°-manifolds and smooth embeddings. Let 
JM m be the category of smooth fibered manifolds over m-dimensional bases and smooth fiber 
manifold maps over embeddings of bases and ?!B m (G) be the category of smooth principal 
G-bundles with m-dimensional bases and smooth G-bundle maps (<p, /), where the map / G 
MorM m . 

Definition 1.1. A G -gauge-natural bundle is a covariant functor F from the category 
yB m (G) to the category JM m satisfying 

i) for each vr : P -> M in Ob TS m (G), n P : FP ^Misa fibered manifold over M, 

ii) for each map ((p, f) in Mor J , B m (G), Ftp = F(ip,f) is a fibered manifold morphism 
covering /, 

iii) for any open subset U C the immersion t : 7r _1 ([7) ^> P is transformed into the 
immersion Ft : 7T^> (U) ■=— > FP. 

Let (-7T : P -> M) G Ob J , B m (G) and iy r P be the space of all r-jets j7 0je) <p, where 
: iR m x G -> P is in Mor TB m (G), e R m and e is the unit in G. The space W r P is a 
principal fiber bundle over the manifold M with the structure group W^G of all r-jets jL 
of principal fiber bundle isomorphisms $ : iR m xG-> iR m x G covering the difleomorphisms 
ip : iR m — ► iR m such that ^(0) = 0. The group W T m G is the semidirect product of G r m = 
inv J r {M m , M m ) and T r m G = J^{M m , G) with respect to the action of G r m on T T m G given by 
the jet composition, i.e. W r m G = G r m x T r m G. If (^ : P -> P) G Mor TS m (G), then we can 
define the principal bundle morphism iy r p : W r P — ► W r P by the jet composition. The rule 
transforming any P G 0by3 m (G) into W r P G Ob0 3 S m (W / ^G) and any y> G Mory3 m (G) 
into G MorTS m (W / '^G) is a G-gauge- natural bundle. 

The gauge-natural bundle functor W r plays a fundamental role in the theory of gauge- 
natural bundles. We have, PQE], 

Theorem 1.2. Every gauge-natural bundle is a fiber bundle associated to the bundle W r for 
a certain order r . 

The number r from Theorem 11.21 is called the order of the gauge-natural bundle. So if F 
is an r-order gauge-natural bundle, then 

FP = (W r P, S F ), F V = {W r <f, id 8F ), 

where Sf is a left IV^G-manifold called the standard fiber of F. 

If (x x ,z a ) is a local fiber coordinate chart on P and (y l ) a coordinate chart on Sf, then 
(x x ,y t ) is the fiber coordinate chart on FP which is said to be adapted. 

Let F be a G-gauge-natural bundle of order s and let r < s be a minimal number such that 
the action of W^G = G s m x T^ n G on Sp can be factorized through the canonical projection 
ir s r : T^G — > Z^G. Then r is called the gauge-order of P and we say that F is of order 
(s, r). We shall denote by Wm ^G = G^ x X^G the Lie group acting on the standard fiber 
of an (s, r)-order G-gauge-natural bundle. Then there is a one-to-one, up to equivalence, 
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correspondence of smooth left Wm G-manifolds and G-gauge-natural bundles of order (s, r), 
PP. So any (s, r)-order G-gauge- natural bundle can be represented by its standard fiber with 
an action of the group Wm^G. 

If F is an (s, r)-order G-gauge-natural bundle, then J k F is an (s + k, r + fc)-order G-gauge- 
natural bundle with the standard fiber T^Sf = J^M" 1 , Sf). 

The class of G-gauge-natural bundles contains the class of natural bundles in the sense of 
[HI El El El- Namely, if F is an r-order natural bundle, then F is the (r, 0)-order G-gauge- 
natural bundle with trivial gauge structure. 

Let F be a G-gauge-natural bundle and ((p, f) : P — > P be in the category !PI> n (G). Let 
a be a section of FP. Then we define the section (p* F a = Fcp o a o f^ 1 of FP. Let ii be 
another gauge-natural bundle. 

Definition 1.3. A natural differential operator from F to H is a collection D = {D(P), P G 
ObyS n (G)} of differential operators from G°°(FP) to C°°(HP) satisfying D(P) o^ = 
^ o D(P) for each map (<p, f) G Mor yB„(G), </? : P -> P. 

.D is of order if all D(P) are of order fc. Let D be a natural differential operator of order 
from F to H. For any P G ObTS n (G) we have the associated map D(P) : J fc FP -> FP, 
over Ai", defined by D(P)(j^a) = D(P)a(x) for all x G iW and any section o : M — > 
FP. From the naturality of D it follows that V = {D(P),P G ObTS n (G)} is a natural 
transformation of J k F to if. The following theorem is due to Eck, pQ. 

Theorem 1.4. Let F and H be G -gauge-natural bundles of order < (s,r),s > r. Then we 
have a one-to-one correspondence between natural differential operators of order k from F 
to H and Wn +k ' r+k ^G-equivariant maps from T^Sp to Sh- 

So according to Theorem II .41 a classification of natural operators between G-gauge- natural 
bundles is equivalent to the classification of equivariant maps between standard fibers. Very 
important tool in classifications of equivariant maps is the orbit reduction theorem, [3 U\ ■ 
Let p : G — >• H be a Lie group epimorphism with the kernel K, M be a left G-space, Q be a 
left if -space and n : M — > Q be a p-equivariant surjective submersion, i.e., n(gx) = p(g)ir(x) 
for all x G M, g G G. Having p, we can consider every left ii-space iV as a left G-space by 

gy = p(g)y, g e G, y g n. 

Theorem 1.5. If each 7r _1 (g), q G Q is a K -orbit in M, then there is a bisection between 
the G-maps f : M — > N and the H-maps ip : Q — >• iV given by f = (f o n. 

2. Linear connections on vector bundles 

In what follows let G = GL (n, M) be the group of linear automorphisms of M n with 
coordinates (a*). Let us consider the category VH> m>n of vector bundles with m-dimensional 
bases, n-dimensional fibers and local fibered linear diffeomorphisms. Then any vector bundle 
(p : E — > M) G ObVB mn can be considered as a zero order G-gauge-natural functor 

ra m (G) - vs 

Local linear fiber coordinate charts on E will be denoted by (x x ,y t ). The induced local 
bases of sections of TE or T*E will be denoted by (d\, 9j) or (d x , d l ), respectively. 
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We define a linear connection on £ to be a linear splitting 

K : E -> J 1 ^. 

Considering the contact morphism J X E — ► T*M ® Ti£ over the identity of TA4", a linear 
connection can be regarded Ti£-valued 1-form 

K : E —> T*M ® TE 

projecting onto the identity of TM. 

The coordinate expression of a linear connection K is of the type 

K = d x ® (d A + #/ A 9,) , with tf/ A G C°°(M, iR) . 

Linear connections can be regarded as sections of a (l,l)-order G-gauge-natural bundle 
Lin.E -> M, PEj. The standard fiber of the functor Lin will be denoted by R = IR n *®IR n ® 
M m *, elements of R will be said to be formal linear connections, the induced coordinates 
on R will be said to be formal symbols of formal linear connections and will be denoted by 
(K/x). The action (3 : w£' 1] G x R -> R of the group wiPte = x T^G on the standard 
fiber R is given in coordinates by 

(K/ x ) of3 = al {K q %a}~a p x - a p jX ) , 

where (a*, a*, a* A ) are coordinates on Wm G and ~ denotes the inverse element. 
Note 2.1. Let us note that the action j3 gives, in a natural way, the action 

P . x R _^ ^ 

determined by the jet prolongation of the action {3. 

Remark 2.2. Let us consider the group epimorphism 7r£+ 1,r+1 : Wm X,r G Wm'^G 
and its kernel B^ 1,r+1 G '■— Ker 7r£+ 1 ' r+1 . On B r r + l,r+l G we have the induced coordinates 
(a,. ., , , a* „, „ ). Then the restriction B r of the action B r to Bl~t 1,r+1 G has the following 
coordinate expression 

(2.1) (^/ Ml ,...,^V, Mr+1 )o^ 

Ml) • • • J " fi J Ml>M2— Mr' Xi J Ml>M2---Mr + l U J ^ . . .^ r + l J ' 

where (Kj 1 ^, Kf^^, . . . , Kj l ^ l4l2 41r+1 ) are the induced jet coordinates on T^-R. 

The curvature of a linear connection K on E turns out to be the vertical valued 2-form 

2 

= -[K,K] : £ -> VE® /\T*M , 
where [, ] is the Froelicher-Nijenhuis bracket. The coordinate expression is 

R[K}=R[K} j \ ll y ] di®d x Ad» 

= -2(d x K,\ + Kf x K p \) y 3 d t ®d x Ad^. 
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If we consider the identification VE = E x E and linearity of R[K], the curvature R[K] 

M 

can be considered as the curvature tensor field R[K] : M — > E* (g> E <8> A 2 T*M and 

2 

i2[AT] : L7°°(Lin J57) -> C°°(E* ® £ ® /\ T*M) 

(2 2) 

is a natural operator which is of order one, i.e., we have the associated H^' G-equivariant 
map, called the formal curvature map of formal linear connections, 

31l : T^R — > IX 

with the coordinate expression 

(2.2) ( U / A/ J o ft L = K/ AijU - tf/^ + Kf^Kjx - K/ X K P \ , 

where («/ai») are the induced coordinates on the standard fiber IX := FT* ® iR n <S> /\ 2 JR m * 
olE*®E®/\ 2 T*M. 

We define a classical connection on Af to be a linear symmetric connection on the tangent 
vector bundle pm '■ TM — > M with the coordinate expression 

A = d x ® (<9 A + A A 4) , A/, e C°° (M, iR) , A M \ = A V A „ . 

Classical connections can be regarded as sections of a 2nd order natural bundle Cla M — > 
M, 0. The standard fiber of the functor Cla will be denoted by Q = R m <g> S 2 R m * , elements 
of Q will be said to be formal classical connections, the induced coordinates on Q will be 
said to be formal Christoffel symbols of formal classical connections and will be denoted by 
(A^ x u ). The action a : G 2 m x Q — > Q of the group G 2 m on Q is given in coordinates by 

A ( A P n a n T — aP \ 



(A/ I/ )oa = aJ(A/ T 5^ ..„„ 



Note 2.3. Let us note that the action a gives, in a natural way, the action 

oT : G^ 2 x T^Q -» T^Q 
determined by the jet prolongation of the action a. 

Remark 2.4. Let us consider the group epimorphism Tc r r + 2 : G^ 2 — > G^" 1 and its kernel 
5 r r + x 2 := Ker 

^r+i- We have the induced coordinates (o^ ...^ lr+2 ) ° n Br+i' Then the restriction 
a r of the action a r to -B£+i nas the following coordinate expression 

(2-3) (A^! ^j.-.jA^ ^ 2 ,A»3---A t r + 2) ° ^ 

= (A A A A A A -o A 1 

where (A w \ 2 , A Ml A M2iAt3 , . . . , A^/^^...^^) are the induced jet coordinates on T^Q. 

The curvature tensor of a classical connection is a natural operator 

2 

i?[A] : C°°(ClaM) -> C°° {T* M ® T M ® f\T* M) 

which is of order one, i.e., we have the associated G^-equivariant map, called the formal 
curvature map of formal classical connections, 
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with the coordinate expression 



where {w u p \^) are the induced coordinates on the standard fiber W := 5' r * (g)T(8 ^2 T * = M r ' 
M m ®/\ 2 M m *. 

Let us denote by E p £ := ® P E ® ® q E* <g> ® r TM ® ® S T*M the tensor product over M 
and recall that E p ' r a is a vector bundle which is a G-gauge- natural bundle of order (1, 0). 

A classical connection A on M and a linear connection K on E induce the linear tensor 
product connection K p ® A£ := ® p iT <g> <g> g fr* ® <g> r 'A ® <g> s A* on 



K p ®A r s : E p / S -> T*M <g> TJS^ 
which can be considered linear splitting 

® a; : js*; -> ./'/?:;;: . 

Then we define, , the covariant differential of a section $ : A<f — > with respect to 
the pair of connections (K, A) as a section of E p ' r s <8> T*M given by 



V (K ' A) $ = j 1 ^ - <g> A£) o $ . 

, ii...i p Ai...A r „ ipAi...Ar 

We have the following relations between the covariant differentials and the curvatures, |3] . 
Proposition 2.5. The curvature 



In what follows we set V = V^ X,A ^ and ' r .„ = V v (j)t'" l f , u ,, 



® a;] := ® a:, ^ ® a;] : - ^ ® /\ t*m 

determined by the curvatures R[K] and R[A]. 

Theorem 2.6. fTTie generalized Bianchi identity) We have 

R[K} 3 \^ + R[K],\ U , X + i?[A^]/V A;M = . 

Theorem 2.7. Let $ <E C°°{E P ^ S ). Then we have 

i 2 
Alt V 2 $ = -- R{A P <g> KJ] o $ g C°°(^ ® /\ T*M) , 

where Alt is t/ie antisymmetrization. 

Remark 2.8. From the above Theorem 12 . 71 and the expression of R[K P ® A,], [Sj, it follows, 
that AltV 2 $ is a -Eg'g- valued 2-form which is a quadratic polynomial in -R[AT], R[A], $. 
Especially, we have 

2 2 

AltV 2 /^] : M ^ E* ® E ® f\T*M ® f\T*M , 
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given in coordinates by 

Alt V 2 R[K] = -~ {R[K] P \ 1V2 R[K]/ Xlx - R[K]/ UlU2 R[K] P \^ 

-R[A] R\K\ 3 \, - R[A] 
b j ® bj ® d x A # <g> cf 1 A cf 2 . 

Remark 2.9. Let us note that for classical connections we have the first and the second 
Bianchi identities 

i?[A] ( / v) = and R[A]/ [Xll , a) = 0, 

respectively, where (...) denotes the cyclic permutation. Moreover, we have the antisym- 
metrization of the second order covariant differential of the curvature tensor which is a 
quadratic polynomial of the curvature tensor. 

3. The first fc-TH order reduction theorem for linear 

AND CLASSICAL CONNECTIONS 

Let us introduce the following notations. 

Let W M := WM = T*M ® TM ® /\ 2 T*M, W { M = WM ® ®TM, i > 0. Let us 
put W^M = W k M x ... x W r M. Especially, we set W< r >M := W^M. Then W;M 

M M 

and W^M are natural bundles of order one and the corresponding standard fibers will 
be denoted by W< and W^ r \ where W := W = FT* ® R m ® /\ 2 M m \ W; = W ® &FT*, 
i > 0, and = W k x . . . x W r . Let us denote by (wj \ fl<7l ...a i ) the coordinates on Wj. 

We denote by 

the G^[ 3 -equivariant map associated with the i-ih covariant differential of the curvature 
tensors of classical connections 

V*i2[A] : C°°(ClaM) -> C^WiM) . 

The map D^c- j is said to be the formal curvature map of order i of classical connections. 

Let Cc,i C Wj be a subset given by identities of the z-th covariant differentials of the cur- 
vature tensors of classical connections, i.e., by covariant differentials of the Bianchi identities 
and the antisymmetrization of the second order covariant differentials, see Remark 12.91 So 
Cc,i is given by the following system of equations 

(3.1) W(y P x ( t) l ri...ai = 0, 

(3.2) w v \x^)a 2 ...cn = , 

(3.3) w v p x l un...[* i -i* i ]...*i + pol(W^) = , 
where j = 2, . . . , % and [..] denotes the antisymmetrization. 

Let us put Cq = Cc,o x ... x Cc\ r and denote by C^}^, k < r, the fiber 

C,r c 

of the canonical projection prj^ : CP -> C ( c' 1] . For r < k we put C^_ a = 0. Let us note 
that there is an affine structure on the fibres of the projection pr£_ : : Cq — > C^ _1 \ jB]. 
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Really, is a subbundle in l ' x W r given by the solution (for i — r) of the system of 
nonhomogeneous equations (|3.1|) - (|3.3j) . 
Then we put 

(3.4) 4 fc ' r) := (X c , k , . . • , 32o lP ) : T^Q -> W^> r ) , 0$ := $%' r) , 

which has values, for any jg +1 7 ^m X Qi m ^c^-^O'H)' ^ n ® ^ WaS P rovec ^ that * s a 
submanifold in W^ r ^ and the restriction of 51^ to Cq is a surjective submersion. Then we 
can consider the fiber product T^Q x c (k-i) Cq which will be denoted by T^Q x . In 
jHj it was proved that the mapping 

(nl + \Xp r) ):T^Q^TZ l QxC^ ) 

is a surjective submersion. 

Similarly let U E := UE = E* ® E ® /\ 2 T*M, UiE = UE ® &T*M, i > 0, U {k > r) E = 
U k E x ... x U r E. Especially, U^E := U^ r) E. Then UiE and U^ k ' r) E are G-gauge-natural 

M M 

bundles of order (1, 0) and the corresponding standard fibers will be denoted by Uj and U^ k,r \ 
where U := U = R n * ® R n ® /\ 2 M m \ U t = U® ®*iR m *, i > 0, and U^ = U k x . . . x U r . 
Let us denote by (uj % \ ft(n ... a - i ) the coordinates on Uj. 
We denote by 

: 1 Q x — > Hi 

the Wm +2,4+2 ' ) G ! -equivariant map associated with the z-th covariant differential of the curva- 
ture tensors of linear connections 

STR[K] : C°°(ClaM x Lin^) -> C°°(IL£) . 

M 

The map is said to be the formal curvature map of order i of general linear connections. 

Let Cl,{ C U4 be a subset given by identities of the z-th covariant differentials of the 
curvature tensors of linear connections, i.e., by covariant differentials of the Bianchi identity 
and the antisymmetrization of the second order covariant differentials, see Theorem 12.61 and 
Remark 12. 81 So Cx , is given by the following system of equations 



(3.5) Mj J (A M( 7 1 )p 2 ...<7 l = 

(3.6) «/ A/m ... [CT . 1<T .]... CTi + pol(4*- 2) x U^) = 



J 



2, . . . ,i, where pol(C^ 2 ^ x U^ 2 - ) ) are some polynomials on Cjj ^ x U^ 2 ) 



Let us put = Cl,o x • • • x C*L,r and denote by C , k < r, the fiber in ^ G C^ - 
of the canonical projection 

Wl-i : C[ r) -> Cf -1) . For r < k we put C ( *'$_u = 0- Let us note 

L,r L 

that there is an affine structure on the projection pr£_ x : — > c| r , 4j. Really, G\) is a 

subbundle in x U r given as the solution (for i — r) of the system of nonhomogeneous 

equations (|3.5|) - (|3.6|) . 
Then we set 

rn(k,r) ._ (rn en \ . T r ~ l D v T r + 1 T1 _^ ir( fc > r ) T?( r ) ■— <T?(°' r ) 

JC L .— [Ji L:k , . . . ,Ji L , r ) . l m LJ X J m it — > LL V , Ji L .— Ji L , 
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which has values, for any (^A, j r+1 7 ) G T^Q x T^R, in C7^_ k 

In |3] it was proved that c£° x C { [\ s > r — 2, r > 0, is a submanifold of x K,^ and 
the restriction 

(a« a«) : r^g x r^i? - 4 S > x c?« 

is a surjective submersion. Then we can consider the fiber product 

( T mQ x T%R) x (4 s ) x Cf ) , 

k\>k 2 - 2, and denote it by T^Q xT^Rx cg us) x cf 2 ' r) . 
Now we shall prove the technical 

Lemma 3.1. // s > r — 2 ; &i > k 2 — 2, s + 1 > k\, r + 1 > k 2 , then the restricted map 

« X x ^S^U^ ) = T^ +1 Q x X^ +1 i? - I*Q x T^i? x C g^ x cf ^ 
zs a surjective submersion. 
Proof. In jH] it was proved that 

is a surjective submersion. The mapping of Lemma 13.11 is then a surjective submersion if 
and only if the mapping (tt^ 1 , ^ fc2 - r )(j s+1 A, -)) : T^ l R -> T£ 2 i? x cf 2 ' r) is a surjective 
submersion for any j'o +1 A G T^ l Q. Let us assume i = k 2 , . . . ,r. By jl] the mapping 

D^(jq +1 A,— ) : T % + X R — > is a surjective submersion and we have the commutative 
diagram 

2*+^ ^' a '' +lA '' ) ; Cf 

All morphisms in the above diagram are surjective submersions which implies that the map- 
ping (nl + \Jif(f +1 X,-)) : T^R - T^i? x Cf is a surjection over B^U^A, -) 

given by (7r 4 i+1 , ^L i j(jQ +1 A, — )). But the mapping &L,i(jo + A, — ) is affine morphisms over 

(,7o +1 A, — ) (with respect to the affine structures on 7r* +1 : T'^ l R — > T^R and pr*_ x : 

Cf/ — > Cj* _ ) which has a constant rank. So the surjective morphism (vr* +1 , ^ ) j(jQ +1 A, — )) 

has a constant rank and hence is a submersion, (vr^ 1 , 3^^ C2,r ' ) (jQ +1 A, — )) is then a composition 
of surjective submersions 

« 2+ \ ^ )fe2 Oo +1 A, -), id c ( fe2+1 „)) 

. . . o fc^^A, -), id ( P . P) ) o £ L , r ( Jo s+1 A, -)) . n 

Let F be a G-gauge-natural bundle of order k, i.e., >Sp is a wi fc ' fc) G-manifold. 
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Theorem 3.2. Let s > r — 2 ; r + 1, s + 2 > A; > 1. For every Wm +2 ' r G -equivariant map 

f '■ T^Q x T^R — > S F 

there exists a unique Wm G- equivariant map 

9 ■ T k m ~ 2 Q x Tt'R x Ct 2 ' S ~ 1] x Ct 1 '^ - 5 F 

satisfying 

/= g oK_ 2 xc 11 ^ s - i ur- i) ). 

Proof. Let us consider the space 

S c> := M m ® S s iR m * or 5 L , r := iR n * ® iR n ® S r iR m * 

with coordinates (s X p, 1 p, 2 ...p /s ) or (s/ w .../Lt r ), respectively. Let us consider the action of G s m on 
Sc, s and the action of Wm G on Sl, t given by 

(3-7) S /JlM2 ... Ats = S ^ 1(U2 ...^ S — CL^ 41g , Sj Ml ...^ r = Sj ^l..^ — CLj^...^ ■ 

From (|2.1jl . ()2.3|) and ()3.7|) it is easy to see that the symmetrization maps 

0~C,s '■ T^Q — > Sc\s+2 , &L,r '■ T m R — > Si,r+l 

given by 

are equivariant. 

We have the G^~ 2 -equivariant map 

: T^Q -> 5 c , s+2 x T m ~ l Q x W s _x . 

On the other hand we define the G^" 2 -equivariant map 

ipc,s : S c ,s+2 x T m ~ l Q x W s _! - T^Q 

over the identity of T m ~ l Q by the following coordinate expression 

(3-8) ^\ P1 ... Ps = *Vpi...p. + linKV-P. " PolC^Q)) > 

where lin denotes the linear combination with real coefficients which arises in the following 

way. We recall that $c,s-i gives the coordinate expression 

(3-9) v> p 1 ,..p s — p 1: up2...p s ~ W H vpi„,p s ~ P°K^~m Q)) • 

We can write 

A^j u,pi...p a — s pvp\...p a + (A^ v ,p\...p a ~ A(^ i/,pi„.p a )) • 
Then the term in brackets can be written as a linear combination of terms of the type 

A A - A A 

lv p V,p i pl...p i _ 1 p i+1 ...p s lv p pi,l/pi...pi- 1 p i+1 ...p s ) 

i — 1, . . . , s, and from ()3.9|) we get ()3.8|) . 

Moreover, 

*Pc,s o <pc,s = idriQ • 
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Similarly we have the PL^m +1 ' r+1 ^G-equivariant map 

V?L,r : = (&L,r, ^ T r-2 Q XTT^-li ^L,r-l) 

: T^ 2 Q x T r m R -> S L , r+1 x 7£" 2 Q x T!^~ 1 R x U r _i 

and we define the W / m +1,r+1 ' ) G'-equivariant map 

: ^, r+ i x T^ 2 g x T^ _1 i2 x U r _! - T m - 2 Q x T^i? 
over the identity of T^ 2 Q x T^ 1 R by the following coordinate expression 

(3.10) A',' a,,..,,. = *,'.v,..,,. + lin(i*,V* " Vo\{T r m 2 Q x T^R)) , 

where lin denotes the linear combination with real coefficients which arises in the following 
way. We recall that Ql,t-i gives the coordinate expression 

(3.H) ifjW - ^V.V,.,, = ",'.V,.,, - Po\(T^ 2 Q x T^ X R)) . 

We can write 

-Aj A,pi...p r — s j \p\...p r + (-Aj A,pi...p r — -Aj (A,pi...p r )) • 

Then the term in brackets can be written as a linear combination of terms of the type 

jy- i 7v- i 

j \,Pipl...pi-lPi+l...p r j Pi,\pl...pi-lPi+l-..pr ) 

i = 1, . . . , r, and from (j3.11|) we get (|3.1U|) . 

Moreover, 

Now we have to distinguish three possibilities. 

A) Let s — r — 1. We have the same orders of groups G^ 1 and Wm +1 ' r+1 ^G acting on 
T^Q and T T m R. 
Let us denote by 



A r := T^Q x R x W r _ 2 x U r _! . 

Then the map /o^cv- 1> V'L.r) : Sc,r+i x S^.r+i x A r — > satisfies the conditions of the orbit 
reduction Theorem II. 51 for the group epimorphism 7T^ 1,r+1 : Wm +1 ' T G — > Wm G and the 
surjective submersion pr 3 : Sc, r +i x S^.r+i x ^ r -* ^4 r - Indeed, the space Sc, r +i x S^r+i is 
a 5£+ 1,r+1 (7-orbit. Moreover, (|3.7|) implies that the action of -B£+ 1,r+1 G on 5c, r +i x S^r+i 

is simply transitive. Hence there exists a unique G-equivariant map 

g r : A r = T^ 2 Q x T r - X R x W r _ 2 x lt r _i -> 5 F 
such that the following diagram 

5 c , r+1 x S L , P+1 x ^ I^Q x r m R -U S F 



pr 3 



«Z2 X7r ?-l. K C,r-2,%,r-l) 
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commutes. So / o (ip c ,r-i, i>L,r) — 9r ° pr 3 and if we compose both sides with (tpc, r -i, <fL,r), 
by considering pr 3 o(<p Cir _ u (p L>r ) = (n^Zl x 7r r r „ 1; %. c ,r-2, ^L,r-i), we obtain 

f = 9r° (K-2 X ^r-l' ^C,r-2, ^L,r-l) ■ 

In the second step we consider the same construction for the map g r and obtain the 
commutative diagram 



S Cr x S Lr x A*- 1 x W r _ 2 x lC r _i 



(V'C,r-2,V'L,r-l,idw r _ 2 xU ? ._ 1 ) 



5, 



P r 3,4,5 



K_3><V2' :K C,r-3> : ' ! L l r-2.idw r _2XU r _ 1 ) 



ids F 



id 



A"- 1 X W r _ 2 X U r _! 



r _2X u r _! 



A r - X X W r _ 2 X U r _! 



9r-l 



So that there exists a unique V^m 1 ' r ^G-equivariant map ^ r _i : A r 1 x W f ._ 2 x U r _i — > £p 
such that g r = g r _ x o {-K r r zt x tt^ 1 , K Cir _ 3 , ft L ,r-2, id Wr ._ 2 xK r -i), i- e - 

/ — flV-1 ° (K--3 X ^-2) ^C,r-3, ^C,r-2, ^L,r-2, ^L,r-l) • 

Proceeding in this way we get in the last step a unique Wm G-equivariant map 
g k : T m ' 2 Q x T m ~ x R x W (fe - 2 ' r ~ 2) x U (fc - 1 ' p - 1) -> 5 F 

such that 



B) Let s = r — 2. We have the action of the group G r m on T^ 2 Q and the action of the 
group Wm +l,r+1) G on T^_R. 

Then the map /o (id Tj r-2g, ipL,r) '■ Si, r +i x T m ~ 2 Q x T m _1 R x U r _i — ► Si? satisfies the condi- 
tions of the orbit reduction theorem ll.5l for the group epimorphism n r r + 1 ' r+1 : W& +1,r+1) G -> 

wi r ' r 'G and the surjective submersion pr 2 3 4 : S^.r+i x T m ~ 2 Q x T m _1 R x IX, — i — ► T m ~ 2 Q x 
T^ l R x U r _i. Indeed, the space Si, jr +i is a ££+ 1,r " +1 G-orbit. Let us note that the action 
of B T r + l,r+1 G on Sl,t+i is transitive, but not simple transitive. Hence there exists a unique 
Wm^G-eqai variant map g r : T m ~ 2 Q x T m ~ x R x U r _i — >■ SV such that the following diagram 



Sl,t+i x Q x i? x ll r _i 

P r 2,3,4 



(id r _ 2 ,!/>£,, r ) 



T^ 2 g x T m R 



S h 



(id r _ 2 „ X7r;_ 1 ,K i>r „ 1 ) 

1 m 



id s f 



id 



commutes. So fo(id T r-2Q, ipL, r ) — SV°P r 2,3,4 an d if we compose both sides with (id T r-2 Q , (^L,r), 
by considering pr 23j4 o(id T r-2 Q , <fL,r) = (id;r;r 2 Q X7r r-i> &£,r-i) 5 we obtain 

f = g r o (id T r-2 Q X7r;_ 1; ^, r _i) . 

Further we proceed as in the second step in A) and we get a unique W m ' G-equivariant 
map 

9k ■ T m ~ 2 Q x T^~ l R x W( fe - 2 ' r - 3 > x U^ 1 '^ -> S F 



T^Q x T m ~ Y R x U 



r-l 
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such that 

/ = 9k o « : 2 x ^-^ur 1 ^) . 

C) Let a > r - 1. We have the action of the group w4 s+2 ' r+1) G on T s m Q x 2£i2. 
By jH] there exists a Wm +1 ' r+1 ' ) G'-equivariant mapping 

g r+1 : T^ l Q x T^i? x W^" 1 '- 1 ) - 5 F 

such that 

/ = 9r+l O X id T r fl , ^g" 1 ' 5 "^) . 

g r+ i is then the mapping satisfying the condition A), i.e. there is a unique Wm G- 
equivariant map 

g k : T^ 2 Q x T^R x W (fe - 2 ' r ~ 2) x U^ 1 '^ -> S F 



such that 



i.e., 



f^g k o(^ 2 xnl_ 1 ,^ 2 ' 8 ~ 1 \^t 1 ' r ' 1) ), 
Summarizing all cases we have 

for any s > r — 2 and the restriction of g k to T^~ 2 Q x T^R x G^ -2 ' 5-1 ^ x Q^ 1 ^" 1 ' is 
uniquely determined map g we wished to find. □ 

In the above Theorem 13 .21 we have found a map g which factorizes /, but we did not prove, 
that 

K-2 x ttg- 2 '^, 4 fc " 1 ' r " 1) ) : T m<3 x - T k m 2 Q x T^ X R x G^ 2 '^ x G^ 1 '^ 
satisfy the orbit conditions, namely we did not prove that 

is a B^G-orbit for any (j^X, j^l, rg^ 2 '- 1 ', r?" 1 ^) G T^QxT^xG^ 2 ^ x 
^-,(fc-i,r-i) ^ QW we sria j] prove it. 

Lemma 3.3. // ( Jo *A, #y), (j s A, j r 7 ) G T^Q x T^i? safe/y 

,(fc-2,s-l) rtj(fc-l,r-l)w -s -v t_A _ /_ s v _r rp(fe-2,s-l) nf(k-l,r-l)^ 



7T 



then there is an element h e B s k + k 2,r+1 G such that h. C7oA,Jq 7 ) = Oo^ioT)- 

PROOF. Consider the orbit set (T^Q x T^R) / B s k ^ r+1 G . This is a wl fc,fc) G-set. Clearly 
the factor projection 

p-.T^Qx T r m R -> (T^Q x T r m R)/ B 8 h f r+1 G 
is a Wm +2 ' r G-map. By Theorem 13.21 there is a P^m '^G-equivariant map 

9 ■ T k m 2 Q x T^R x G^ 2 '^ x Ct 1 '^ - CCQ x ^/S^G 
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satisfying p = go (tt|_ 2 x tt^, % { ^ s ~ l \ ^J" 1,r_1) ). If 



(fc-2,8-1) rt,(fc-l,r-l)w - s < -r-\ _ / -fc-2x -fc-1 , (fc-2,s-l) (fc-l.r-lh 



then 

i.e. (jo A, Jo7), (jo A) jo7) are m the same 5j^ 2 ' r+1 G-orbit, which proves Lemma l3~31 □ 

The space T^~ 2 Q x T^ X R x (7^ ~ 2 ' s ~^ x (7(*~ 1 > r_1 ) j s a i e ft W^'^G-space corresponding to 
the (7-gauge-natural bundle J fc ~ 2 ClaM x J^LinS x <7?~ 2,S_1) M x C?" 1,P " 1) -B. Setting 

M Af M 

= (V fc ,...,V s ), then, clS 8b direct consequence of Theorem 13.21 we obtain the k-th 
order first reduction theorem for linear and classical connections. 

Theorem 3.4. Let s > r — 2, r + l,s + 2>k>l. Let F be a G -gauge-natural bundle of 
order k. All natural differential operators 

f : <7°°(ClaM x Lin£) -> C°°{FE) 

M 

which are of order s with respect to classical connections and of order r with respect to linear 
connections are of the form 

f(fA,fK)=g(j k ' 2 A,j k - 1 KM k - 2 ' s - 1) R[A}M k ~ 1 ' r ~ 1) R[K^ 

where g is a unique natural operator 

g : J fe - 2 ClaM x J^UnE x C^'^M x cf^^E -> FE . 

MM M 

Remark 3.5. From the proof of Theorem 13 .21 it follows that the operator g is the restriction 
of a zero order operator defined on the k-th order G-gauge-natural bundle J k ~ 2 Cla M x 

M 

J k ~ l UnE x W^-'-^M x U( k - 1 > r - r *E. 

M M 

4. The second &;-th order reduction theorem for linear and classical 

connections 

Write {E p q l™)i := E™» ® &T*M, i > 0, and set 

l JpPi,P2\{k,r) ._ ( j?pi,P2\ v v I jpPi,P2 \ I ipPi,P2\(r) ._ I TPPi,P2\(0,r) 

The i-th order covariant differential of sections of E^'^ with respect to (A,K) is a natural 
operator 

V 1 : C™{Cl&M xLmE xE p q l%) - C°°((^ 2 2 ) i ) 

which is of order (i — 1) with respect to classical and linear connections and of order i 
with respect to sections of E*l'f£- Let us note that E^'^ is a (l,0)-order (7-gauge-natural 
bundle and let us denote by V := ® pi iR n <g> ® 9l iR n * ®p 2 iR m <g> &' 2 ]R m * its standard fiber 
with coordinates (v A ) = {v^^;^. By V { or 1/( fc '7 := 14 x . . . x V r , := 1/(°'7, we 
denote the standard fibers of (E^'^)i or (-E^'^)^'^, respectively. 
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Hence we have the associated W^m^^G-equivariant map, denoted by the same symbol, 

V* : T- l Q x T- l R x T m V - V t . 

If (f A ,f A A, • • • ,v A \ 1 ...\ i ) are the induced jet coordinates on T^V (symmetric in all sub- 
scripts) and (V Ai...aJ are t ne canonical coordinates on Vi, then V 1 is of the form 

(4.1) (VV.aJ ° V* 

= v\... Xi + polCZ^Q x T~ l R x T m V) , 

where pol is a polynomial on T l ~ x Q x T^ X R x T % m x V . 

We define the fe-th order formal Ricci equations, k > 2, as follows. For k = 2 we have by 
Remark Ol 

^ A [v] - pol(4 0) x Cf x V) = . 

For k > 2, (Ek) is obtained by the formal covariant differentiating of (E 2 ) — {Ek-i) and 
antisymmetrization of the last two formal covariant differentials. They are of the form 

(E k ) V\... [XiXi+l] ... Xk - P ol(4 fe - 2 ) x Ct 2) x V^) = , 

i — 1, . . . , k — 1. 

Definition 4.1. The k-ih order formal Ricci subspace C C^" 2 ^ x C^~ 2 ^ x is defined 
by equations (£ 2 ), . . . , (£? fc ), fc > 2. For jfe = 0, 1 we set = V and = V®. 

In jl] it was proved that Z^ is a submanifold of Cq ^ x ^ x and the restricted 
morphism 

(ttg?- 2) , tt£- 2) , V (fc) ) : T^Q x T^~ l R x T^V -> Z<*> 

is a surjective submersion. Let us consider the projection pr£ : Z^ — > Z^ k \ We have an 
affine structure on fibres of the projection prJLj : Z^ — > Z^ -1 ). It follows from the fact 
that Z( r ) is a subbundle in Z^^ x (Cc, r -2 x Ci,r-2 x K) given as the space of solutions 
of the system of nonhomogeneous equations (J5 r ). Let us denote by Z^}^ the fiber in 
z (k-i) g f ^he projection pr^_ x : Z^ r ^ — > Z^ -1 ). Then we can consider the fiber 

product over 

(T^QxT^RxT^V) x Z« 

and denote it by 

x ^t" 2 ^ x T^V x . 
Lemma 4.2. 7/r + 1 > k > 1, then the restricted morphism 

«I 2 x tt^ x ttU) x ( ^) ; ^-^) )V ^) ; 

: T^Q x T^ l R x 7£y - T^Q x T^ 2 R x T^V x 

zs a surjective submersion. 
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PROOF. The proof of Lemma [4.21 follows from the commutative diagram 

Tm Q x Tm R x T m V ° L — ■ U 



> k -2~"k-2~"k-l 



P r fc-1 



/m(fc-3) m(fc-3) rjtk-l)} 

T^ 2 Q x T^ 2 R x Ti~ l V ( c ' ^ Z( fc - X ) 

where all morphisms are surjective submersions. Hence 

(4.2) «4 x nUl x ttU) x (3jg" 2,r " 3 °, ^~ 2 ' r ~ 2) > V (fc ^) 

is surjective. For jfe = r the map (ftjT 2,r " 2) = ft c ,r-2, ^ _2 ' r_2) = ^, r _2, = V r ) is 

affine morphism over (31^ , ^ 3 \ V^ r-1 ^) with constant rank, i.e. (tt^zI x ^-2 x ^r-i) x 
(%j, r -2, $-L,r-2, V r ) is a submersion. The mapping (|4.2|) is then a composition of surjective 
submersions. □ 

Theorem 4.3. Let S F be a left w£' k) G -manifold. For every Wm +1 ' r * G-equivariant map 
f : T^ X Q x T£z 1 R x T^V — > £p there exists a unique Wm'^G-equivariant map g : T^ 2 Q x 
T^~ 2 R xT^Vx -> 5 F stzc/j 

/ = , o X ^ X TrjU Kg" 3 '- 2 ), Kr 2 ^^ V<*'>) . 

Proof. Consider the map 

(id T ,- lg x id T ,- lfl xttJ.!, V (fc ' r) ) : TLZ'Q x T^R x T r m V - 

- TL7 l Q x T-'R x T k m l V x 

and denote by V^ fc ' r ) C T^ _1 Q x T^ l R x T^ l V x V r(fc,r) its image. By gUJ), the restricted 
morphism 

V (fc ' r) : TlZ l Q x T r m l R x T m V -> i/ (fc ' r) 

is bijective for every 

(jo" 1 ^ JcTS) e ^- x g x T^Z 1 R, so that V (fc ' r) is an equivariant diffeo- 

morphism. Define 

(^g'- 2 ' r - 2) ,^" 2 ' r - 2) ) : - T^Q x T^ 2 R x T^V x 

by 

(¥ c k - 2 ' r - 2 \ ftt^Wo-^fo- 1 !,^, v) = 

HJo fc - 2 A,J fc - 2 7,Jo fc -V,^ 

U~ lA 5 io _1 7»io"V.v) G K^ r ). By Lemma 0(^c" 2 ' r " 2) ,^?" 2,r " 2) ) is a surjective sub- 
mersion. 

Thus, Lemma 13.11 and Lemma 13.31 imply that (01^ 2 ' r ,3V£ 2 ' r 2 ^) satisfies the orbit 
conditions for the group epimorphism 7T^ 1,r+1 : Wm +1 ' T+1 ^G — > Wm'^G and there exists a 
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unique W^'^G-equivariant map g : T^~ 2 Q x T^~ 2 R x T^ l V x -> S F such that the 

diagram 

\/( fc ' r ) (V(fc ' r)) ' 1 ) T^Q x T^ X R x T^V — S F 



,Jp(k-2,7— 2) x(k-2,r-2). 



(^: 2 x<:^^_ 1 ,4 fc - 2 -- 2 ),^- 2 -- 2 ),v(^-)) 



ids 



F 



T^~ 2 Q x T^~ 2 i? x T^V x Z( fe ' r ) — T^ 2 Q x T k ~ 2 R x T*" 1 !/ x — 2-> S F 

commutes. Hence / o (V^'^) -1 = g o (0J^ -2 ' r-2 \ IR^ -2 ' 7 ^). Composing both sides with 
by considering 

(f 2 ^,f- 2 ' r - 2 »)oV^ = « : i x vr^ x nl_ 1 ,^t 2 ' r ~ 2 \^t 2 ' r ~ 2) M k ' r) ), 
we get 

/ = g o x x *g- 2,r - 2) , ^r 2 ' r " 2) , ^ r) ) ■ □ 

T^" 2 Q x Tl~ 2 R x T^V x Z( fc ' r ) is closed with respect to the action of the group W-t k) G. 
The corresponding natural bundle is J k - 2 Cla M x J k - 2 Lin E x J^E^f 2 x Z^ k ^E . Then 

the second /c-order reduction theorem can be formulated as follows. 



Theorem 4.4. Let F be a G -gauge-natural bundle of order k > 1 and Zei r + 1 > fc. AZZ 
naturaZ differential operators f : C°°(Cla M Lin £ .x -> C°°(FE) of order r with 

respect sections of E'^ 2 are of the form 

f(f~ l A, f^K, f<$>) = #(/~ 2 A, j k ~ 2 K, j k - l $, V (k - 2 > r - 2) R[A], V {k - 2 ' r - 2) R[K] , V (fc ' r) $) 
where g is a unique natural operator 

g : J fc ~ 2 ClaM x J^Lin^ x J^E? 1 * 2 x Z (fc ' r) £ -> F.E . 

Remark 4.5. The order (r — 1) of the above operators with respect to linear and classical 
connections is the minimal order we have to use. The second reduction theorem can be 
easily generalized for any operators of orders S\ or s 2 with respect to connections A or K, 
respectively, where si > s 2 — 2, s±, s 2 > r — 1. Then 

f(j Sl A,j S2 K,f<f>) = g(j k - 2 K,j k - 2 K,j k - l <$>, V (fc - 2>ai_1) i2[A], V (fc - 2 ' aa_1) i2[if], V (fe ' r) $) . 

Remark 4.6. It is easy to see that the second reduction theorem can be generalized for any 

i 

number of fields $, i — 1, . . . , m, of order (1, 0) and that any finite order operator 

f(j n A,j n K,j r 4) , si, s 2 > max(r,) - 1 , Sl > s 2 - 2 , 

factorizes through j k ~ 2 A, j k ~ 2 K, and sufficiently high covariant differentials of R[A], 

R[K], I. 
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